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Figure 1: Our nonlinear ray tracing can render highly detailed geometry without requiring a large amount of memory. The ray
tracing performance is 2.46 M rays/s on 20 CPU cores of an Apple M1 Ultra chip and memory usage is 186.0 M bytes.

ABSTRACT
Displacement mapping and shell mapping add fine-scale geometric
features to meshes and can significantly enhance the realism of an
object’s surface representation. Both methods generate geometry
within a layer between the base mesh and its offset mesh called
a shell. It is not easy to simultaneously achieve high ray tracing
performance, low memory consumption, interactive feedback, and
ease of implementation, partly because the mapping between shell
and texture space is nonlinear. This paper introduces a new ef-
ficient approach to perform acceleration structure traversal and
intersection tests against microtriangles entirely in texture space
by formulating nonlinear rays as degree-2 rational functions. Our
method simplifies the implementation of tessellation-free displace-
ment mapping and smooth shell mapping and works even if base
mesh triangles are degenerated in 𝑢𝑣 space.
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1 INTRODUCTION
Displacement mapping can add details to a mesh and has been
an essential feature for production renderers [Burley et al. 2018;
Christensen et al. 2018; Fascione et al. 2018; Georgiev et al. 2018;
Kulla et al. 2018]. Shell mapping [Porumbescu et al. 2005] has more
expressive power since it can generate intricatemesostructures such
as woven threads in a layer between the base mesh and its offset
mesh called a shell. The two methods may appear to be different
but they can be viewed as essentially the same, since displacement
mapping is a method of generating a height field in shell space.
Though many studies have been conducted to efficiently realize
displacement and shell mapping, there are still open problems. The
difficulty originates from the fact that the mapping between shell
space and texture space is nonlinear, and thus a rectilinear ray in
shell space becomes nonlinear in texture space (Fig.2). The methods
for rendering geometry in shell space can be roughly classified into
two categories. One is to trace rectilinear rays in world space, and
the other is to perform ray marching in texture space.

The most trivial approach to implement displacement mapping
is to perform pre-tessellation. Pre-tessellated geometry allows high
ray tracing performance, but can consume a significant amount
of memory and interactive editing of the displacement content is
virtually impossible. Therefore, methods such as out-of-core ren-
dering and on-the-fly tessellation [Benthin et al. 2015; Christensen
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Figure 2: Shell space, canonical space, and texture space. A rectilinear ray in shell space becomes a nonlinear ray in canonical
space, and also in texture space.

et al. 2006] have been proposed. Achieving scalability with respect
to the number of threads is crucial, but highly optimized imple-
mentations of these algorithms are not simple. Recently proposed
tessellation-free displacement mapping [Thonat et al. 2021] dramat-
ically reduces memory usage and provides interactive feedback by
utilizing a minmax mipmap as an implicit acceleration data struc-
ture. Rather than explicitly storing a bounding box at each node
of the data structure, conservative bounding boxes are generated
on-the-fly using affine arithmetic. While the results are impres-
sive, a few drawbacks exist. First, the number of traversal steps
increases due to overlapping bounding boxes generated during tra-
versal. Second, affine approximations have a high degree of design
freedom (e.g., when to use the Min-Range or Chebyshev approxi-
mation), requiring in-depth knowledge to balance the tightness of
bounding boxes and computational cost. Lastly, ray-microtriangle
intersection tests fail if a base mesh triangle degenerates to a point
or line in𝑢𝑣 space, because an inverse matrix is required to calculate
barycentric coordinates from texture 𝑢𝑣s.

Shell mapping, a generalization of displacement mapping, was
first introduced by Porumbescu et al. [2005]. It allows generating
the instances of arbitrary objects in a shell. Early shell mapping
algorithms [Porumbescu et al. 2005; Ritsche 2006] divide prisms
that comprise a shell into tetrahedra and perform ray marching by
computing the mapping between shell and texture spaces using
the barycentric coordinates of a tetrahedron. Tetrahedralization
increases the initialization cost, and this piecewise-linear approx-
imation can lead to severe aliasing artifacts. To avoid relying on
tetrahedralization, Jeschke et al. [2007] later introduced smooth
shell mapping, which performs ray marching by solving a cubic
equation at every step. Ritsche [2006] and Jeschke et al. [2007]
used a distance map to reduce the number of ray marching steps
and achieve real-time rendering. However, rendering photorealis-
tic images with full global illumination is still prohibitive because
the rendering performance and the complexity of geometry are
bounded by the resolution of a three-dimensional distance map.

To overcome the shortcomings of the previous methods, we
introduce a new algorithm that directly traces nonlinear rays in
texture space. By formulating a nonlinear ray as a degree-2 ra-
tional function, both nonlinear ray-microtriangle and nonlinear
ray-axis aligned bounding box (AABB) intersection tests can be
solved analytically. Since we aim to render complex scenes on a lim-
ited memory budget, we use a minmax mipmap as the acceleration

Figure 3: Scalar displacement-mapped mesh and its leaf node
AABBs. The AABBs in shell space do overlap (middle). The
AABBs in texture space do not overlap at all (right).

structure for displacement mapping, following Thonat et al. [2021].
For shell mapping, we use an implicit quadtree to facilitate repeated
placement of the same object along a mesh surface.

Nonlinear ray tracing eliminates the need for affine arithmetic
for AABB intersections and expensive and error-sensitive matrix
inversions for texture to world-space mappings used in tessellation-
free displacement mapping. It also eliminates tetrahedralization and
ray marching from shell mapping. Hence our method is intuitive,
works even when base mesh triangles are degenerated in 𝑢𝑣 space,
and reduces the initialization costs.

2 RELATEDWORK
Displacement mapping. Production renderers often apply subdi-

vision to the base mesh and move the vertices of the subdivided
mesh by the amount specified by a displacement map [Burley et al.
2018; Christensen et al. 2018; Fascione et al. 2018; Georgiev et al.
2018; Kulla et al. 2018]. If generated microtriangles fit into the main
memory, high ray tracing performance can be achieved through
pre-tessellation because a high-quality BVH can be built [Fascione
et al. 2018]. Otherwise, one must resort to out-of-core rendering or
compression schemes.

Lier et al. [2018] used compressed and quantized BVHs to ren-
der subdivision surfaces with displacement. Lossy compressed grid
primitives [Benthin et al. 2021] represent the input triangle mesh as
a set of vertex grids, which implicitly expresses the connectivity of
triangle vertices. Each vertex grid is further divided into subgrids
with 5 × 5 vertices and quantized displacement vectors, over which
a BVH is built. Micro-meshes [NVIDIA Corporation 2023] are sim-
ilar in principle, and each base triangle stores compressed scalar
values on a barycentric grid. Hardware that natively supports the
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rendering of micro-meshes and a dedicated generation algorithm
[Maggiordomo et al. 2023] are available. These methods can render
unprecedentedly detailed geometry, but it is unclear how they can
be extended to shell mapping.

To handle extremely complex geometry without out-of-core
rendering, Thonat et al. [2021] proposed a tessellation-free displace-
ment mapping. Their method uses an implicit BVH represented by
a minmax mipmap, saving a significant amount of memory. The
bounding box of each node is computed by affine arithmetic during
traversal. Though this technique can render highly detailed geom-
etry without long preprocessing time, its use of an intersection
shader prevents it from taking full advantage of GPUs that support
hardware ray tracing, resulting in a wide performance gap relative
to pre-tessellation methods. The performance gap is also due to the
fact that the generated bounding boxes are conservative and over-
lap in world space (Fig.3). Furthermore, intersection tests are done
in world space, which requires matrix inversions to map texture
coordinates to world coordinates (Eq.7-9 in [Thonat et al. 2021]).
Thus their method fails when a base mesh triangle is degenerated
in 𝑢𝑣 space.

An alternative way to render complex geometry is on-the-fly
tessellation with (multi-resolution) caching [Benthin et al. 2015;
Christensen et al. 2006], but it can have scalability issues. The recent
rise of deep learning has made it possible to realize displacement
mapping using neural nets [Kuznetsov et al. 2022]. However, gener-
ated results can be partially blurred, and supporting shell mapping
would result in higher training costs, including data preparation,
and higher storage costs for networks.

Shell mapping. The original shell mapping algorithm [Porumbescu
et al. 2005] divides each prism that constitutes a shell into tetra-
hedra, and executes ray marching by finding the correspondence
between coordinates in shell space and texture space using the
barycentric coordinates of tetrahedra, and binary search is used
to perform ray-primitive intersection tests. Ritsche [2006] used a
three-dimensional distance map to skip empty space in the shell vol-
ume and enabled real-time rendering, however, supporting global
lighting effects was left for future work. Tetrahedralization not only
adds extra initialization costs, but also creates unpleasant artifacts
due to piecewise-linear approximations. To reduce such artifacts,
Ye et al. [2007] introduced an algorithm to construct a less dis-
torted shell. Jeschke et al. [2007] computed the mapping between
shell space and texture space by solving a cubic equation at each
ray marching step, removing the dependence on tetrahedralization
and ensuring the smooth rendering of objects in shell space. This
method also determines the step size by a distance map, and the
marching direction is corrected at each step so as not to exceed a
specified error.

Nanite. Nanite [Karis et al. 2021] builds a hierarchical level of
detail (LOD) structure of triangle clusters, and the resulting struc-
ture is represented as a directed acyclic graph (DAG). At rendering
time, only the necessary parts of a scene are rasterized by per-
forming a cut on the DAG based on the viewpoint. Benthin and
Peters [2023] used a Nanite-style LOD selection to ray trace ex-
tremely detailed geometry in real time. Both methods work not only
for displacement-mapped meshes but also for any high-resolution

𝒗̂ normalized vector of vector 𝒗
⟨𝒂,𝒃 ⟩ inner product of vectors 𝒂 and 𝒃
𝒂 × 𝒃 cross product of vectors 𝒂 and 𝒃
𝝎 ray direction
𝑡 signed distance along ray direction
ℎ height parameter

(1 − 𝛼 − 𝛽, 𝛼, 𝛽) barycentric coordinates
(𝛼, 𝛽,ℎ) canonical space coordinates
(𝑢, 𝑣,ℎ) texture space coordinates
𝑰 (𝑡 ) ray in world space

𝑰𝛼𝛽ℎ (ℎ) ray in canonical space
𝑰𝑢𝑣ℎ (ℎ) ray in texture space

𝑷𝑖 𝑖-th vertex of base triangle
𝑵𝑖 normal vector associated with 𝑷𝑖

𝑻𝑖 = (𝑈𝑖 ,𝑉𝑖 ) texture 𝑢𝑣 coordinates associated with 𝑷𝑖
𝒑𝒊 𝑖-th vertex of microtriangle
𝒏 normal vector of microtriangle in world space

𝒏𝛼𝛽ℎ = (𝑛𝛼 , 𝑛𝛽 , 𝑛ℎ)𝑇 normal vector of microtriangle in canonical space
𝒏𝑢𝑣ℎ = (𝑛𝑢 , 𝑛𝑣 , 𝑛ℎ)𝑇 normal vector of microtriangle in texture space

Table 1: Terms used in the paper.

meshes. However, initialization is costly because it involves split-
ting and merging clusters and mesh simplification.

Nonlinear rays. Nonlinear rays have been successfully used to
compute light and sound propagation in nonlinear media. A ray
is often divided into piecewise-linear segments, and the direction
is corrected each time the ray travels a small step [Cao et al. 2010;
Gribble 2021; Suffern and Getto 1991]. Na and Jung [2008] applied
curved ray tracing to displacement mapping, but they also used a
piecewise-linear approximation. Mo et al. [2016] used circular and
parabolic rays to analytically perform acceleration data structure
traversal and primitive intersection tests. Nonlinear rays are also
useful for artistic purpose [Kerr et al. 2010].

3 BACKGROUND
For subsequent discussions, we first define shell space and tex-
ture space, and explain why we need to solve a cubic equation
to establish a mapping between shell and texture spaces. Table.1
summarizes the terminology used in the paper.

3.1 Shell Space
Shell space is defined as a layer bounded by the base mesh and its
offset mesh (Fig.2). By letting

𝑺𝒊 (ℎ) = 𝑷𝒊 + ℎ𝑵𝒊,

a point in shell space is given as

𝑺 (𝛼, 𝛽, ℎ) = (1 − 𝛼 − 𝛽)𝑺0 (ℎ) + 𝛼𝑺1 (ℎ) + 𝛽𝑺2 (ℎ), (1)

where (1 − 𝛼 − 𝛽, 𝛼, 𝛽) is barycentric coordinates, ℎ is a height
parameter, △𝑷0𝑷1𝑷2 is a triangle of the base mesh, and 𝑵𝒊 is the
vertex normal associated with the 𝑖-th vertex 𝑷𝒊 . Within this space,
scalar displacement mapping creates a height field, and shell map-
ping places the instances of arbitrary objects. Hereinafter (𝛼, 𝛽, ℎ)
is referred to as canonical space coordinates (0 ≤ 𝛼, 𝛽, ℎ ≤ 1 and
𝛼 + 𝛽 ≤ 1).
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3.2 Texture Space
Texture space coordinates (𝑢, 𝑣, ℎ) are obtained by replacing 𝛼 and
𝛽 of canonical space coordinates by a texture 𝑢𝑣 as

𝑢 = (1 − 𝛼 − 𝛽)𝑈0 + 𝛼𝑈1 + 𝛽𝑈2 (2)
𝑣 = (1 − 𝛼 − 𝛽)𝑉0 + 𝛼𝑉1 + 𝛽𝑉2, (3)

where (𝑈𝑖 ,𝑉𝑖 ) represents the texture𝑢𝑣 coordinates associated with
the base mesh triangle vertex 𝑷𝒊 .

3.3 Mapping between Two Spaces
Converting world coordinates to its corresponding canonical coor-
dinates requires solving a cubic equation [Jeschke et al. 2007]. Let
𝑰 be a point in world space. Its height parameter ℎ is obtained by
solving

0 = ⟨𝑰 − 𝑺0 (ℎ),𝑵 (ℎ)⟩, (4)
where 𝑵 (ℎ) is the normal vector of the triangle △𝑺0 (ℎ)𝑺1 (ℎ)𝑺2 (ℎ)
given as

𝑵 (ℎ) = (𝑺1 (ℎ) − 𝑺0 (ℎ)) × (𝑺2 (ℎ) − 𝑺0 (ℎ)).
Once ℎ is obtained, we can compute 𝛼 and 𝛽 by Eq.1. The corre-
sponding texture coordinates are obtained with Eq.2 and 3.

4 NONLINEAR RAY TRACING

Figure 4: Base mesh degenerated in 𝑢𝑣 space. The state of
the art method [Thonat et al. 2021] cannot render displaced
geometry when the base mesh is degenerated to a point (mid-
dle) or line (right) in 𝑢𝑣 space. Our method can render such
cases.

To avoid the use of affine arithmetic and ray marching, we use
nonlinear ray tracing. In our approach, intersection tests against
primitives and BVH traversal are entirely done in texture space.

In this paper, we limit ourselves to triangle primitives. The in-
tersection test between a nonlinear ray and microtriangle requires
solving a cubic equation. Though this may seem inefficient, the in-
tention is to avoid matrix inversions and to find intersections even
when base mesh triangles degenerate to points or lines in 𝑢𝑣 space
(Fig.4). For displacement mapping, we only need to intersect with
two microtriangles per texel because we perform intersection tests
in texture space. On the other hand, Thonat et al. [2021] performed
intersection tests in world space, and to guarantee watertightness,
they clipped microtriangles in each texel and generated up to five
microtriangles.

To perform an intersection test against an AABB in texture space
requires solving four quadratic equations. This is more expensive
than the standard rectilinear ray-AABB intersection test but avoids
complex affine approximations to obtain conservative AABBs. We
can also handle more complex geometries than the combination of
ray marching and a distance map. Additionally, the AABBs of the

bottom level acceleration structure (see Sec.4.4) do not overlap in
texture space (Fig.3).

4.1 Nonlinear Ray in Canonical Space
Instead of performing ray marching, we directly trace a nonlinear
ray by representing it as a rational function whose numerator
and denominator have degree two. To obtain the canonical space
coordinates (𝛼, 𝛽, ℎ) of a point on a ray 𝑰 (𝑡) = 𝒐 + 𝝎̂𝑡 , we solve

𝒐 + 𝝎̂𝑡 = (1 − 𝛼 − 𝛽)𝑺0 (ℎ) + 𝛼𝑺1 (ℎ) + 𝛽𝑺2 (ℎ) . (5)

By taking dot products on the both sides with two vectors 𝒆0 and
𝒆1 perpendicular to 𝝎̂, we remove 𝝎̂𝑡 from the above equation:{ ⟨𝒆0, 𝑬0 (ℎ)⟩𝛼 + ⟨𝒆0, 𝑬1 (ℎ)⟩𝛽 = ⟨𝒆0, 𝒐 − 𝑺0 (ℎ)⟩

⟨𝒆1, 𝑬0 (ℎ)⟩𝛼 + ⟨𝒆1, 𝑬1 (ℎ)⟩𝛽 = ⟨𝒆1, 𝒐 − 𝑺0 (ℎ)⟩
(6)

where 𝑬𝒊 (ℎ) = 𝑺𝒊+1 (ℎ) − 𝑺0 (ℎ), and 𝒆0 ⊥ 𝒆1

Parametric curve of height. If we solve Eq.6 for 𝛼 and 𝛽 , a ray in
canonical space can be represented as a parametric curve of ℎ. It is
easy to show that both 𝛼 and 𝛽 are quadratic rational functions of
ℎ. Thus we can write a ray in the form of

𝑰𝛼𝛽ℎ (ℎ) =
(
𝛼2ℎ2 + 𝛼1ℎ + 𝛼0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

,
𝛽2ℎ2 + 𝛽1ℎ + 𝛽0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

, ℎ

)
, (7)

where 𝛼𝑖 , 𝛽𝑖 , 𝑑𝑖 ∈ R.

Parametric curve via rational conic. Solving one of Eq.6 for ℎ
and substituting it into the other, the relation between 𝛼 and 𝛽 can
be represented as a conic section. It is known that a conic section
can be converted to a quadratic rational Bézier curve [Cox et al.
2007] so 𝛼 and 𝛽 can be expressed as quadratic rational functions.
Unfortunately, this representation makes the height parameter ℎ
another quadratic rational function, resulting in more complicated
calculations. We thus parameterize a nonlinear ray by ℎ with Eq.7.

4.2 Nonlinear Ray in Texture Space
To perform nonlinear ray tracing in texture space, a ray must be
represented in texture space. With Eq.7, the 𝑢𝑣 coordinates of a
point on a ray can be written as

𝑻0 + (𝑻1 − 𝑻0)
𝛼2ℎ2 + 𝛼1ℎ + 𝛼0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

+ (𝑻2 − 𝑻0)
𝛽2ℎ2 + 𝛽1ℎ + 𝛽0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

,

where 𝑻𝒊 = (𝑈𝑖 ,𝑉𝑖 )𝑇 . By letting

𝑢𝑖 = (𝑑𝑖 − 𝛼𝑖 − 𝛽𝑖 )𝑈0 + 𝛼𝑖𝑈1 + 𝛽𝑖𝑈2

𝑣𝑖 = (𝑑𝑖 − 𝛼𝑖 − 𝛽𝑖 )𝑉0 + 𝛼𝑖𝑉1 + 𝛽𝑖𝑉2,

we can represent a ray in texture space as

𝑰𝑢𝑣ℎ (ℎ) =
(
𝑢2ℎ2 + 𝑢1ℎ + 𝑢0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

,
𝑣2ℎ2 + 𝑣1ℎ + 𝑣0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

, ℎ

)
. (8)

Note that the denominators remain unchanged from Eq.7.

4.3 Intersection Tests in Texture Space
We directly perform nonlinear ray-primitive intersection tests in
texture space. Finding the intersections of a nonlinear ray and
plane is a fundamental part of our method because it is used for
intersection tests against microtriangles and AABBs.
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Figure 5: Eq.6 alone fails to render properlywhere the denom-
inator is close to 0. White pixels are where the intersection
tests failed (middle). Using Eq.11 prevents this error (right).

Nonlinear ray-microtriangle intersection. The plane containing a
microtriangle △𝒑0𝒑1𝒑2 is given as

0 = 𝑛𝑢𝑢 + 𝑛𝑣𝑣 + 𝑛ℎℎ + 𝐾𝑢𝑣ℎ, (9)

where 𝒏𝑢𝑣ℎ = (𝑛𝑢 , 𝑛𝑣, 𝑛ℎ)𝑇 is the normal vector of the microtrian-
gle and 𝐾𝑢𝑣ℎ is a constant. Our method first seeks the values of ℎ.
Substituting Eq.8 into Eq.9 and clearing the denominator yields a cu-
bic equation of ℎ. After solving this, we find 𝛼 and 𝛽 . Unfortunately,
we cannot compute 𝛼 and 𝛽 robustly with Eq.6 alone because the
determinant can be 0 or close to 0 (Fig.5). For example, it becomes
0 if ℎ𝑖𝑛 = ℎ𝑜𝑢𝑡 , where ℎ𝑖𝑛 and ℎ𝑜𝑢𝑡 are the values of ℎ at the point
where a ray first hits the prism and the point where it last leaves
the prism, respectively. (Note that we can find ℎ even if ℎ𝑖𝑛 = ℎ𝑜𝑢𝑡
by clearing the denominator.) To yield another linear equation of 𝛼
and 𝛽 , we convert the plane from texture space to canonical space
by substituting Eq.2 and 3 into Eq.9:

0 = 𝑛𝛼𝛼 + 𝑛𝛽𝛽 + 𝑛ℎℎ + 𝐾𝛼𝛽ℎ (10)

where
𝑛𝛼 = 𝑛𝑢 (𝑈1 −𝑈0) + 𝑛𝑣 (𝑉1 −𝑉0)
𝑛𝛽 = 𝑛𝑢 (𝑈2 −𝑈0) + 𝑛𝑣 (𝑉2 −𝑉0)

𝐾𝛼𝛽ℎ = 𝑈0𝑛𝑢 +𝑉0𝑛𝑣 + 𝐾𝑢𝑣ℎ
Combined with Eq.6, we now have three equations of 𝛼 and 𝛽 :

⟨𝒆0, 𝑬0 (ℎ)⟩𝛼 + ⟨𝒆0, 𝑬1 (ℎ)⟩𝛽 = ⟨𝒆0, 𝒐 − 𝑺0 (ℎ)⟩
⟨𝒆1, 𝑬0 (ℎ)⟩𝛼 + ⟨𝒆1, 𝑬1 (ℎ)⟩𝛽 = ⟨𝒆1, 𝒐 − 𝑺0 (ℎ)⟩

𝑛𝛼𝛼 + 𝑛𝛽𝛽 = −𝑛ℎℎ − 𝐾𝛼𝛽ℎ
(11)

We find the intersection by choosing two equations from Eq.11 so
that the absolute value of the determinant becomes the largest. Note
that dividing the both sides of Eq.9 by |𝒏𝑢𝑣ℎ | beforehand improves
robustness because microtriangles are generally very small and so
is 𝒏𝑢𝑣ℎ . Obtaining 𝑢 and 𝑣 from 𝛼 and 𝛽 is trivial. Lastly, we check
if the intersection is inside both the microtriangle and the prism.

Signed distance. The signed distance parameter in world space 𝑡
can be obtained by taking dot products on the both sides of Eq.5
with 𝝎̂:

𝑡 = ⟨𝝎̂, (1 − 𝛼 − 𝛽)𝑺0 (ℎ) + 𝛼𝑺1 (ℎ) + 𝛽𝑺2 (ℎ) − 𝒐⟩

Normal vector. The normal vector 𝒏𝑢𝑣ℎ cannot be used for the
actual shading because it is defined in texture space. The normal
vector in world space 𝒏 can be obtained by applying a linear trans-

formation to 𝒏𝛼𝛽ℎ =

(
𝑛𝛼 , 𝑛𝛽 , 𝑛ℎ

)𝑇
:

𝒏 = 𝑴−𝑇 𝒏𝛼𝛽ℎ (12)

where

𝑴 =
©­«

| | |
𝑬0 (ℎ) 𝑬1 (ℎ) 𝑵𝒔

| | |
ª®¬

and
𝑵𝒔 = 𝑵0 (1 − 𝛼 − 𝛽) + 𝛼𝑵1 + 𝛽𝑵2

In practice, 𝒏 is normalized before shading.We thus use the adjugate
matrix instead of the transpose of the inverse matrix and avoid the
division by the determinant:

𝒏 = adj(𝑴)𝒏𝛼𝛽ℎ (13)

Note that 𝒏 can be obtained even if the prism degenerates to a plane
(e.g., 𝑬0 (ℎ) = 𝑬1 (ℎ) ≠ 𝑵𝒔 ).

We now examine when 𝒏 cannot be determined by Eq.13. The
first case is 0 = adj(𝑴). In this case a ray does not intersect the
microtriangle because the prism is degenerated to a line or point
in world space. The second case is when 0 = 𝑛𝛼 = 𝑛𝛽 = 𝑛ℎ .
Since 0 < |𝒏𝑢𝑣ℎ |, this case only happens when the base triangle
is degenerated in 𝑢𝑣 space and 0 = 𝑛ℎ . In such a situation, the
microtriangle and a ray are parallel, and they do not intersect.

When 0 ≠ 𝑛ℎ , which is always true for scalar displacement
mapping, we can take a slightly less expensive approach. In general
the normal vector of a parametric surface 𝒇 (𝛼, 𝛽) can be computed
as 𝜕𝒇/𝜕𝛼 × 𝜕𝒇/𝜕𝛽 . To apply this, we solve Eq.10 for ℎ and substitute
it into Eq.1. The partial derivatives are then given as

𝜕𝑺 (𝛼, 𝛽)
𝜕𝛼

= 𝑬0 (ℎ) −
𝑛𝛼

𝑛ℎ
𝑵𝒔

𝜕𝑺 (𝛼, 𝛽)
𝜕𝛽

= 𝑬1 (ℎ) −
𝑛𝛽

𝑛ℎ
𝑵𝒔 .

4.4 Nonlinear Ray Traversal
We use a multi-level acceleration structure. The top level accelera-
tion structure (TLAS) is a BVH built for prisms spanning the base
and offset meshes. Each leaf of the TLAS stores an implicit accel-
eration data structure, referred to as a bottom level acceleration
structure (BLAS). For displacement mapping, the BLAS is a minmax
mipmap and each leaf of which stores two microtriangles (Fig.6,
middle). For shell mapping, the BLAS is an implicit quadtree that
consumes no memory, and all the leaves of the quadtree refer to
the BVH built for an object to be instanced in a shell (Fig.6, right).
Shell mapping does not necessarily require a quadtree, but we use
it to facilitate the generation of textiles and knitted fabrics by tiling
the same object. Quadtree traversal is executed in the same manner
as minmax mipmap traversal. When a ray intersects a leaf of the
quadtree, we shift it in 𝑢𝑣 space, and then start traversing the BVH
built for the instanced object. For the general concepts and terms of
the BVH, we refer the readers to the survey by Meister et al. [2021].

Traversing TLAS. We traverse the TLAS with rectilinear rays
so the standard traversal routine can be used. If a rectilinear ray
hits a prism, we start traversing the associated BLAS. Otherwise,
we continue traversing the TLAS. There is no difference in TLAS
traversal between displacement mapping and shell mapping. The
sides of each prism are bilinear patches, and we use the method by
Reshetov [2019] for ray-bilinear patch intersection tests.
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Figure 6: TLAS and BLAS. Each texel of the finest level min-
maxmipmap contains twomicrotriangles, and each leaf node
of the quadtree stores a reference to the BVH built for an
object instanced in the shell.

Traversing BLAS. BLAS traversal is done with nonlinear rays
in texture space. At each node we perform a nonlinear ray-AABB
intersection test. We simply intersect a ray against the six faces of
an AABB. The intersections of the ray and planes𝑢 = {𝑢𝑚𝑖𝑛, 𝑢𝑚𝑎𝑥 }
are obtained by solving quadratic equations

{𝑢𝑚𝑖𝑛, 𝑢𝑚𝑎𝑥 } =
𝑢2ℎ2 + 𝑢1ℎ + 𝑢0
𝑑2ℎ2 + 𝑑1ℎ + 𝑑0

.

The intersections of the ray and planes 𝑣 = {𝑣𝑚𝑖𝑛, 𝑣𝑚𝑎𝑥 } are ob-
tained in the same manner. For the planes ℎ = {ℎ𝑚𝑖𝑛, ℎ𝑚𝑎𝑥 }, it is
unnecessary to solve quadratic equations because the intersections
are readily available from Eq.8. When the denominator of Eq.8 is 0,
the ray and planes ℎ = {ℎ𝑚𝑖𝑛, ℎ𝑚𝑎𝑥 } are parallel and do not inter-
sect. If any of the intersections are inside the AABB, we descend
into child nodes.

5 IMPLEMENTATION
This section describes the implementation details. Our goals are
to reduce the time to first pixel so that users can have interactive
feedback, and to make rendering as fast as possible.

5.1 Initialization
The tasks needed during the initialization phase are:

• for tessellation-free displacement mapping
– minmax mipmap generation

• for shell mapping
– BVH construction for instanced object

• for both
– BVH construction over prisms
– root selection (optional, see Sec.5.4)

We do not explicitly generate prisms that span the base and offset
meshes. They are constructed on-the-fly. The memory consumption
and initialization cost of our displacement mapping implementation
are identical to those of the method by Thonat et al. [2021]. Our
shell mapping implementation requires the construction of a BVH
in texture space for an object to be instanced but does not require
tetrahedralization and the creation of a distance map.

5.2 Acceleration Data Structure
The TLAS is a 4-ary BVH built with the greedy top-down plane-
sweeping algorithm [MacDonald and Booth 1990] using the surface

area heuristic, and a single prism is stored at each leaf node simply
assuming that each prism has the same cost. The bounding boxes
are axis-aligned and no spatial splitting is used. The BLAS is an
implicit 4-ary BVH or quadtree. The BVH for an instanced object
is built in the same manner as the TLAS. We do not use SIMD ray
traversal for nonlinear rays, so there is a room for performance
improvement.

5.3 Polynomial Solver
Our ray-microtriangle intersection requires solving a cubic equa-
tion. Reshetov [2022] implements a direct solver for ray-ribbon
intersections tests, however, we adopt the solver by Yuksel [2022]
because of its simplicity. We use a slightly modified version that
explicitly calls fused multiply-adds whenever possible.

5.4 Optimization
We use the optimization techniques used in the existing methods
and their improvements.

Root selection and texel discard. For displacement mapping, we
adopt two optimization techniques by Thonat et al. [2021]. If the
input basemesh is reasonably tessellated, traversing from the lowest
resolution mipmap is not efficient. We can traverse from the level
and texel at which a base triangle is fully enclosed. This accelerates
rendering at the expense of precomputation and storage. We also
avoid traversing texels that do not overlap a base mesh triangle.
These techniques can also be applied to shell mapping.

Traversal order. While Thonat et al. [2021] decided the traversal
order based on the direction of a ray in 𝑢𝑣 space, we sort child
nodes based on increasing hit distance.

Range reduction. When executing a ray-prism intersection test
in TLAS traversal, we record the distance parameters of the first
entry and last exit points 𝑡𝑖𝑛 and 𝑡𝑜𝑢𝑡 . If the signed distances to the
intersections of a nonlinear ray and the AABB of a BLAS node are
outside of the range [𝑡𝑖𝑛, 𝑡𝑜𝑢𝑡 ], we skip entering the node. We also
record the height parameters of the entry and exit points ℎ𝑖𝑛 and
ℎ𝑜𝑢𝑡 . These are used to limit the range of ℎ when solving a cubic
equation.

LODs. For displacement mapping, we do not implement LODs
[Thonat et al. 2021] because simply selecting mipmap level based
on the distance is not necessarily an ideal solution. When apply-
ing LODs to high frequency-geometries (e.g., Fig.7 (c)), some parts
should be treated as transparent. Instead, if the min and max val-
ues of a texel of the current mipmap are equal, we immediately
terminate traversing the BLAS and perform a rectilinear ray-flat
rectangle intersection test. Similarly, if the ℎ coordinates of the
three vertices of a microtriangle are the same, we switch to the
standard rectilinear ray-flat triangle intersection test. When ℎ is
constant, a plane becomes flat not only in texture space but also
in world space (see Eq.1). For shell mapping, it is not difficult to
support LODs by implementing, for example, traversal shaders [Lee
et al. 2019].
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base mesh displacement map
triangles memory resolution memory tiling microtriangles total memory performance

displacement (a) Mountain 2 - 40962 - 1 × 1 33, 554, 432 2.6 GB 24.92M rays/s
mapping (b) Cylinder 512 - 40962 - 1 × 1 33, 554, 432 2.6 GB 23.64M rays/s

(pre-tessellation) (c) Torus (Fur) 8, 192 - 2562 - 8 × 8 8, 388, 608 0.7 GB 0.49 M rays/s
displacement (a) Mountain 2 0.4 kB 40962 42.7MB 1 × 1 33, 554, 432 42.7MB 7.74 M rays/s
mapping (b) Cylinder 512 35.4 kB 40962 42.7MB 1 × 1 33, 554, 432 42.7MB 5.00 M rays/s
(ours) (c) Torus (Fur) 8, 192 561.0 kB 2562 0.2MB 8 × 8 8, 388, 608 0.7MB 1.09M rays/s

base mesh instanced object
triangles memory triangles memory tiling microtriangles total memory performance

shell mapping

(d) Torus (Feathers) 2, 400 0.3MB 28, 438 3.0MB 64 × 128 232, 964, 096 3.3MB 1.00 M rays/s
(e) Scales 14, 352 1.8MB 18, 895 1.9MB 16 × 16 96, 742, 400 3.7MB 2.11 M rays/s
(f) Dress 174, 702 24.2MB 16, 896 1.7MB 16 × 16 267, 778, 508 25.9MB 2.06 M rays/s
(g) Cornell boxes 722 0.1MB 2, 894 0.3MB 16 × 16 740, 864 0.4MB 9.60 M rays/s
(h) Metal bunnies 722 0.1MB 145, 780 20.3MB 16 × 16 37, 319, 680 20.4MB 3.49 M rays/s

Table 2: Statistics of the test scenes in Fig.7. Memory consumption includes mipmaps, BVH, vertex data (positions, normals,
𝑢𝑣s), and connectivity information.

6 RESULTS
We implemented the described method in our research renderer. All
the images except Fig.8 and Fig.9 are rendered with single precision.
All renderings and timings were performed on 20 CPU cores of an
Apple M1 Ultra chip.

First, we rendered several scenes using our method. The statis-
tics are available in Table 2. Fig.7 (a-c) show displacement-mapped
objects. For (a) and (b) our method achieves from 20 to 30% of the
speed of the rendering of the pre-tessellated geometry. For (c), our
method uses only a thousandth of the memory and renders more
than twice as fast because AABBs in texture space behave like ori-
ented bounding boxes [Vitsas et al. 2023; Woop et al. 2014] in world
space. Fig.7 (d-h) show shell-mapped objects. A large number of
identical objects can be easily tiled along the surface of a base mesh
thanks to a quadtree. The ray tracing performance ranges from
1.00 to 9.60 M rays/s. In Fig.1, we use both displacement mapping
and shell mapping to create a very complex scene consisting of
757, 071, 872 microtriangles.

Next, we investigated when the lack of precision can be prob-
lematic. In Fig.8, displacement mapping is applied to a torus. With
single precision, some rays slip through the geometry. Rendering
with double precision does not cause such problems, but there is
no guarantee that the use of double precision gives perfect results.
In Fig.9, we applied shell mapping to a quadrangle and instanced a
Cornell box-like object in its shell. Our method can render this test
scene with single and double precision if the base mesh degenerates
in 𝑢𝑣 or world space and even if the vertex normals are oriented to
cause self-intersections.

Though the results are not compared with the existing methods,
we would like to emphasize that the proposed method can render
scenes containing base mesh triangles degenerated in 𝑢𝑣 space,
which is not possible with the state-of-the-art method by Thonat
et al. [2021]. For shell mapping, it is possible to apply various
techniques developed for the BVH such as a spatial-temporal BVH
[Woop et al. 2017] and programmable instance [Lee et al. 2019]
since we use the BVH as an acceleration data structure. This is a
major advantage of our method.

7 CONCLUSION
We proposed the use of nonlinear ray tracing for displacement and
shell mapping. Though our method overcomes the shortcomings
of the existing methods, our approach has some limitations and
problems to be addressed.

Precision issue. Our method is not completely watertight due to
numerical errors (Fig.8). We would like to guarantee watertight-
ness in the same spirits of the watertight ray-triangle intersection
test [Woop et al. 2013] and robust BVH traversal [Ize 2013]. For a
bounced ray, shifting its origin [Wächter and Binder 2019; Wald
2021] may further improve results.

Surface area computation. Pre-tessellation consumes consider-
able amount of memory but it has clear benefits. For example, it
makes surface sampling easy because one can access all microtri-
angles existing in a scene. In our method, obtaining the surface
area of a displacement-mapped object is complex because one must
compute integrals.

Self-intersection. Our method works when self-intersection oc-
curs (Fig.8), but care should be taken, e.g. to avoid light leaks when
one side of a material is emissive.

Vector displacement mapping. Our method does not support vec-
tor displacement mapping. However, for example, when generating
fur, we can control the flow by varying the orientations of the vertex
normals of a base mesh.

Discontinuity and distortion. Our implementation realizes smooth
shell mapping [Jeschke et al. 2007] which is 𝐶1 continuous within
every prism and 𝐶0 continuous between prisms. We believe that
supporting curved shell mapping [Jeschke et al. 2007] addresses
the discontinuity issue because the resulting surface maintains tan-
gent continuity at the prism boundaries. Our method creates cracks
where 𝑢𝑣s are discontinuous, which is also a limitation of the pre-
vious work by Thonat et al. [2021]. The method by Ye et al. [2007]
can reduce the distortion of prisms, and the method by Zirr and
Ritschel [2019] can mitigate the distortion of color textures.
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(a) Mountain (b) Cylinder (c) Torus (Fur)

(d) Torus (Feathers) (e) Scales (f) Dress

(g) Cornell boxes (h) Metal bunnies

(d) Torus (Feathers) (e) Scales (f) Dress (g) Cornell boxes (h) Metal bunnies

Figure 7: Test scenes. (a)-(c) are displacement-mapped objects. The top left of each is rendered using pre-tessellated geometry,
and the bottom right is rendered using our method. (d)-(h) are rendered using our shell mapping method. See Table 2 for the
statistics. The images at the bottom are the objects instanced in the shell.
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texture resolution: 8192 × 8192, tiled 1 × 1 texture resolution: 256 × 256, tiled 16 × 16
base mesh displacement map single precision double precision displacement map single precision double precision

Figure 8: A torus rendered with two different displacement maps. The back surface of the base mesh is bright green luminescent
material. The cutout is for explanation purposes only. A small kernel Gaussian filter is applied to the rendered images to
highlight where rays slipped through the object. The use of double precision reduces the error. The resolution of each rendered
image is 1024 × 1024, and 1 ray is cast per pixel.

instanced object degenerated in 𝑢𝑣 space vertex normals are modified degenerated in world space
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Figure 9: A Cornell box-like geometry defined in texture space is instanced in the shell of a rectangular base mesh consisting of
two triangles. The 2D drawings in the first row are the base mesh viewed from the top and the base mesh in 𝑢𝑣 space, and the
black arrows indicate the direction of the vertex normals. In the second and third columns, the base mesh is degenerate in 𝑢𝑣
space. In the fourth and fifth columns, the vertex normals are oriented so that the prisms degenerate to a line or point at a
particular ℎ value. In the second last column, the red base triangle is degenerated into a line in both world and 𝑢𝑣 space. It
disappears as expected as rays and the prism do not intersect. In the last column, the red base triangle is degenerated to a line
in world space but not in 𝑢𝑣 space. This is an deliberately created situation that would not happen in practice. All the test cases
are rendered without artifacts with both single and double precision. The resolution of each rendered image is 512 × 512.
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